We provide elementary explanations in terms of palindromic continued fraction expansions for the factorization of integers of the form a 2 + 1, including Fermat numbers and Cunningham project numbers. This provides a generalization and more complete explanation of the factorization of the sixth Fermat number given by Freeman Dyson at the turn of the century. This explanation may provide a new look at actually finding factorizations in general.
Introduction
In 2000, Freeman Dyson [2] provided an explanation, in terms of palindromes of certain finite continued fraction expansions, for the factorization of the Sixth Fermat number, employing a result of Serret from 1848. Herein we provide a much more complete and general explanation in terms of seminal work done in the nineteenth century, of which Serret is a trivial consequence. We show not only Dyson's method of verifying a given factor, but also of using infinite simple continued fractions to verify the complete factorizations. We show how infinitely many periodic simple continued fractions underly the factorizations of any integers of the form a 2 + 1, including, not only the Fermat numbers where a is a power of 2, but also the famous Cunningham project where a = b m for any natural numbers b, m.
Preliminaries
It is well-known that if D is not a perfect square then the continued fraction expansion is given by √ D = q 0 ; q 1 , . . . , q −1 , 2q 0 , (2.1)
where q 0 = √ D and q 1 q 2 . . . q −1 is a palindrome.
1
Some basic facts on continued fractions which we will need are given as follows. This may be found in most introductory number theory texts such as [7] . The jth convergent for √ D for any non-negative integer j is given by
. . , q j , where
with A −2 = 0, A −1 = 1, B −2 = 1, and B −1 = 0. Also, and for any j ∈ N,
and
Now we may state the aforementioned result which [9, Satz 17] attributes to Muir in 1874. 3 We state it here in a format suitable for our purposes. 3 The case (1 + √ D)/2 is also covered by Muir, but we will not need it here. We refer the reader to [6] for a complete description and extended illustrations of its modern-day usage.
For some
with u = B −1 , v = B −2 , and w = A −2 − q 0 B −2 defined by the matrix equation
7)
given A j /B j being the j th convergent of √ D, described in the previous section.
4 When (2.7) is satisfied,
(2.8)
Proof. See [9] and also [4] for a more accessible and recent interpretation.
It is also quite worth observing another matrix sequence of values. We present this here with proof since that proof contains the elements of a generalization of Serret's result.
Theorem 2.2. (Fundamental Unit Theorem for Quadratic Orders)
Suppose that (2.7) holds. Then
where
,
Proof. Using (2.7), we get:
where u = B −1 , and by (2.3),
We now show that upper left entries in the matrices (2.9)-(2.10) agree. By looking at D as given in (2.8), we see that we must show
However, from (2.6), we deduce that we only need to verify that
We have
where the penultimate equality follows from (2.3) and the last equality follows from (2.2). That
Proof. This is (2.11) in the proof above.
In [3] , Friesen has prove the following which is related to the above. 
Palindromes and Factorization
In [2] Below, we will explain the rather exciting factorization of the ninth Fermat number by the number-field sieve using our palindromic method. and his choice for a = 15409 were based upon a trial and error method of finding certain solutions. In an effort to circumvent this inelegant method he quite correctly cites the much more elegant theorem of Serret as follows. Essentially, the less appropriate known factor was chosen. As (3.12) above shows, we get the complete factorization explained via Perron by selecting the other factor. There is more. When looking at Q = x 2 + y 2 , Dyson does not have access to the full theory that underlies Theorem 2.1, which tells us that 
Theorem 3.4. Serret [10] Suppose that a continued fraction Q/a with n partial quotients is given. This is a palindrome if and only if an integer U exists with
Proof. This is a consequence of Corollary 2.1 and Theorem 2.1.
Now to fully appreciate the value of the above we apply the above to the factorization of the ninth Fermat number, which as noted above, was achieved by the number field sieve:
, where q j is a prime with j decimal digits as follows: -hard to argue with that power.
As a closing feature, we show how a Cunningham factorization works with the above-see [1] for an overview of the project and factorizations.
We know that 26 , which yields (3.14).
Remark 3.1. An amazing breakthrough would be, given v 2 +1, find a continued fraction method for factoring, rather than just verification thereof as given above. There exists the well-known continued fraction algorithm for factoring (CFRAC). However, that has been superseded by powerhouses such as the number-field sieve a major result of which we verified above. To use our method would begin with v = B −2 and seek to find B −1 . One could select x = 0 in Theorem 2.1, so that q 0 = vw/2, and w = A −2 − q 0 v, with D = q 2 0 + w 2 = w 2 ((v/2) 2 + 1), so finding w would do the trick. 7 Since we are given v we could run through the values of w until we find a D for which (2.7) holds with v on the off-diagonal, which would give the factorization. This however, could prove to be be highly computationally expensive as the size of v increases. Remark 3.1, being said, what we have presented herein is an elegant approach that subsumes Dyson's work, which inspired this paper, shows that Serret is a consequence of Perron, and as Dyson said at the end of [2] , the argument presented "only verifies the factorization after the factors are known."
